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Abstract

A new method for assessing convergence of a reversible jump MCMC sampler is presented, along with
examples demonstrating both its sensitivity and specificity. The method is an extension of the popular
technique of Gelman and Rubin (1992) in two ways. First, the one-way ANOVA paradigm applied to
chains is extended to a two-way paradigm by treating the sampler’s parameter space as a factor, an idea
similar to one explored by Brooks and Giudici (2000) but addressed more appropriately as an unbalanced
ANOVA. Second, the technique is extended from univariate to multivariate following the suggestions of
Brooks and Gelman (1998): several parameters can be monitored simultaneously and conservatively via
worst-case scalar functions.
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1 Introduction

Before conducting inference using output from a Markov chain Monte Carlo sampler (Hastings, 1970;
Metropolis et al., 1953; Geman and Geman, 1984; Gelfand and Smith, 1990), the output should be analyzed
to determine a point at which the sampler has “converged” to the proper limiting distribution. A thorough
review of Markov chain Monte Carlo (MCMC) convergence assessment techniques is provided by Cowles and
Carlin (1996) and Mengersen, Robert, and Guihenneuc-Jouyaux (1998). No existing technique, however, can
be applied directly to output from a reversible jump MCMC (RJMCMC) sampler (Green, 1995). RIMCMC
is essentially a random sweep Metropolis-Hastings method adapted for general state spaces. Typical MCMC
methods (e.g. the Gibbs sampler and Metropolis-Hastings algorithm) apply only to situations in which the
dimension of the parameter space is fixed. However, in many important applications the dimension of the

parameter space varies across sweeps. For example, in analysis of mixture models with unknown number of
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components (Richardson and Green, 1997), a different parameter space is needed for each possible value for
k = #{mixture components}, since an increase in k requires an additional set of parameters to characterize
the new component. RJMCMC is an ideal tool for such applications, and its primary drawback has been
the lack of suitable convergence assessment methods. We review existing approaches and then derive a new
method to assess convergence of an RJIMCMC sample. Our new method is an extension of the popular
technique of Gelman and Rubin (1992), both from MCMC to RIMCMC (to encompass all of the parameter
spaces) and from univariate to multivariate (to monitor several parameters simultaneously).

There are two distinct aspects of convergence of an MCMC sampler to consider:
1. Are the samples being generated from the correct distribution?
2. Has the entire parameter space been traversed?

It is difficult to rigorously verify either condition; a generally accepted strategy is to run several chains
started at over-dispersed values. If at some point all chains are generating samples from approximately the
same distribution, then this distribution is presumed to be the correct one (a justifiable assumption when
the Markov chain is designed properly). If the starting values are appropriately over-dispersed, then it is
also likely that the parameter space has been thoroughly traversed as well.

Most methods described in Cowles and Carlin (1996) and Mengersen, Robert, and Guihenneuc-Jouyaux
(1998) are univariate, considering only one parameter at a time. Currently, the two most popular types
are those developed by Geweke (1991) and Gelman and Rubin (1992). Geweke (1991) proposes comparing
(univariate) sample means of a parameter computed from different parts of a chain, using variance estimates
adjusted for autocorrelation. Gelman and Rubin (1992) propose an analysis of variance (ANOVA) type
approach in which several chains are run, and the ratio of a pooled variance estimate and a within-chain
variance estimate, similar to the comparison between total mean-square and error mean square in a one-way
ANOVA with “chain” being the factor, is calculated. The idea is that if the two variances are compara-
ble, then the chains are probably realizations from a common distribution, presumably the correct limiting
distribution. This method depends on the absence of other significant factors, but in RIMCMC, the indi-
cator of parameter space (which from now on we refer to as “model”) could be considered a factor in this
paradigm. Some parameters may not retain the same meaning across models, and even those that do may
vary considerably in different models.

Neither of the two popular methods mentioned above (nor any others that the authors are aware of) are

sufficient to detect lack of convergence within models. Extensions to Geweke’s technique do not appear to



be feasible, since output from a RIMCMC sampler for a given model consists of a series of uninterrupted
sequences separated by visits to other models, and thus an autocorrelation would need to be assessed in each
of these sequences. It is an extension of Gelman and Rubin’s method, both from univariate to multivariate
and 1-way-ANOVA to 2-way-ANOVA, that we develop in section 4. First we discuss some other extensions

of their technique which are relevant.

2 Brooks and Gelman’s MCMC Convergence Diagnostic

Brooks and Gelman (1998) introduce several different versions of Gelman and Rubin’s convergence diagnostic
and suggest monitoring both numerator and denominator, not just a ratio. One of the versions is multivariate
in the sense of providing an upper bound of an analogous convergence diagnostic computed for a set of scalar
parameters.

The univariate approach of Gelman and Rubin requires running C' > 1 chains of a MCMC sampler
(with T sweeps each, say) with over-dispersed starting values. A number m of successive (overlapping)
“batches” of increasing length (multiples of a base batch length b) of the output are analyzed from each
chain. Let 6; qb“ .. ,0£2qb), denote the ¢'" batch of length ¢b, from chain ¢ for a scalar parameter 6, where
c€ {1,...,C}. Successive batches for ¢ = 1,..., T are used. Brooks and Gelman (1998) propose monitoring
140)) (8), W@ (@) and V‘I//((q)((%)) (which they call the potential scale reduction factor, or PSRF), defined below,
computed for each batch.

Defining 9‘2') and 80) as

2¢qb 2¢gb
- (t) 7
Z 0. and 6. qu Z Z 0
t gb+1 c=1t=qgb+1

the quantities of interest are defined as follows:

VD9 = MW(Q) @+ (1+ 1 B(8)/(qb)
qb C
and
2qb 9
W@ (9) = b_ Z Z ( )
q c=1t=qb+1
where

¢ 2
BO)/(ah) = o > (8 -6

The value of V(9 () should be larger than (@) (8) for small ¢, since the starting values are over-dispersed;

they may approach a common value as ¢ increases, indicating that the variation is homogeneous across chains.



It may happen that the numerator and denominator happen to fluctuate together but yield a ratio close to

1, so Brooks and Gelman (1998) recommend monitoring these individually in addition to the ratio. They

V(tz)(g) to a

mention that, provided the starting values are appropriately over-dispersed, the settling of W@ @)

neighborhood of 1, and of Vi (6) and W9 (§) approximately to a common value for ¢ > g, are generally
adequate reasons to justify inferences based on posterior means and variances of the collection of samples
{@laob+1) glaob+2) " 1 This situation often suggests additionally that the chains are following the same
distribution, but they warn that only approximate equivalence of the first 2 moments across chains has been
established. It is difficult to determine how close to 1 is “close enough”: they cite a cutoff of 1.2 as a rule of
thumb in one of their examples.

The multivariate version for a vector 6 of parameters is defined analogously, estimating posterior variance-
covariance matrices instead of scalar variances:

Defining 95,') and 8" as

2¢qb 2¢gb
é Z O(t) and 0( b Z Z (t),
t gb+1 q c=1t=qgb+1

the multivariate convergence diagnostics are given by

V() = MW(Q)(Q) + (1 + é) B(6)/(qb)

qb
and
@) (9) = Z % (B(t) )(B(t) 6 )I
wia
C’(qb— )c 1t=gb+1
where

B(8)/(qb) = ﬁ i (80 -8 (80 ~8) .

The multivariate PSRF (MPSRF) is then defined as a maximum root statistic-type measure of distance
between V(2 (@) and W (9 ():

a'V@(8)a
MPSRF(G) = (1):%%}}1(’ W,

where p is the dimension of §. They proceed to prove that M PSRF(6) can be represented in terms of

the maximum eigenvalue of [W(?(6)] “'7(@(0), and that it provides an upper bound on the collection of

th

. . V(D (g, . . .
univariate PSRF’s, <~ (9’)), where 6; is the i*" scalar component of 8. We now present these results in

" W@ (0;)

generic notation.

Lemma 1 For two non-singular, positive definite and symmetric p X p matrices M and N,

a'Ma
max
aeR? a' Na

)



where X is the largest eigenvalue of N~ M.
Proof: See Mardia, Kent, and Bibby (1979, Theorem A.9.2). 0O

Lemma 2 Let M and N be two non-singular, positive definite and symmetric p X p matrices, and denote

the diagonal elements as {m1,...,mp} and {n1,...,n,}, respectively. Then

a'Ma m;
max — > max —.
ac®? a'Na ~ ie{l,..,p} n;

Proof: Let ij denote a p x 1 vector of zeroes with the 4 entry replaced by 1. Then

R

a'Ma S 1;Mi; m;
max max ——— = max —.
ac®? a'Na ~ je{i,...p} 13-N1j ie{l,....p} Ny

Note that the collection {v1,...,v,} of diagonal elements of the multivariate version of V are equivalent
to the univariate versions, and that the same holds for the diagonal elements {ws,...,wp} of W. Thus
Lemma 2 establishes that Brooks and Gelman’s MPSRF is an upper bound of the unvariate PSRF’s. They
suggest monitoring this MPSRF, and also f (17(4)(0)) and f (W(?(8)) for some real-valued function f(-),

such as the determinant.

3 Brooks and Giudici’s RIMCMC Convergence Diagnostic

Brooks and Giudici (2000) introduce the first proposed method, a univariate one, specifically designed for
RJMCMC convergence assessment. The basic idea is to compute various decompositions of the estimated
variance of a collection of samples of a scalar parameter from C different chains. Two factors determine the
decompositions: “model” (the indicator of the different parameter spaces) and “chain.” The scalar parameter
chosen must have the same meaning across all models. They claim that the decompositions correspond to
three pairs of variance estimates, with each member of a pair estimating the same quantity. Thus they
propose following the method of Brooks and Gelman (1998) by monitoring each of these 3 pairs and the 3
ratios they produce.

Brooks and Giudici do not specify how batches should be chosen for analysis. For simplicity of notation,
we will consider calculations for one batch only. Suppose C' > 1 chains of a RIMCMC sampler are run. Let
0 be a scalar parameter in the chain (with equivalent interpretation across models), 7' denote the batch size,
and M denote the total number of different models (different parameter spaces) visited by any chain for this
batch. Define 7, as the 7! value of § occurring in chain ¢ and model m. Also define R, as the number

of times model m occurs in chain ¢ and R.,, as the number of times model m occurs across chains. Note



that R.. = T and the total number of sweeps in the batch over all chains is CT'. Brooks and Giudici (2000)
define the following quantities (note: the subscripts on the left-hand side are parts of the names, and do not

correspond to values of indices on the right-hand side):

R 1 c M o
c=1 m=1 r=1
1 SRLA L, Ogm_éc ’
v = gy >yt

1 LN agm_g.cm ’
Wnle(6) = C—Mzgg:lz;( Rcm—l)
M é —é'
Ba@) = 5 Un=?) 1)
m=1
B..W.(0 — I (7cm_éc)2 )
) = 3 et ®
where
_ 1 Rem
2R I
B 1 M Rcm
0(; = Tm:1;0r:m
~ 1 C Rem
Om = R—m;;%m

(Note: we have corrected two obvious typographical errors in the definitions of Wy, and W¢).

Brooks and Giudici claim the following:

1. Both ‘7(9) and W, (6) should well approximate the true variation of  under the stationary distribution

of the Markov chain (and this comparison is essentially the original Gelman and Rubin comparison)
2. Both W,,(6) and W, W, should well approximate the true mean within-model variance
3. Both B,,(#) and B,,W. should well approximate the true between-model variance.

It is true that, in the case of equal R.,, counts, these 6 quantities correspond to the descriptions they
attach using ANOVA terminology. However, in the case of unequal R, counts, the meanings of the quantities

are unclear. In general, the R, counts will be dramatically different, as some models are less likely than



others and hence visited infrequently. Brooks and Giudici encounter this situation in their own example:
the second and third comparisons break down when one of the chains visits a rare model once late in the
sequence. It is easy to see why this occurs: the comparisons are based on unweighted sample variances of
means, allowing imprecise sample means from rare models to heavily influence their values. While it may
be useful in some situations to have such diagnostics to detect rare model visits, we do not feel that this
satisfies the definition of a convergence diagnostic. It is perfectly fine for some models to be more unlikely
than others. We reconsider Brooks and Giudici’s apparent initial motives and develop a strategy from scratch

by considering two-way unbalanced ANOVA models with the more appropriate weighted sample variances.

4 An Alternative Strategy for RIMCMC Convergence Assess-
ment

In this section we design a convergence diagnostic especially for RIMCMC situations in which different
parameter spaces (“models”) are indexed by some parameter in the chain. Our convergence diagnostic

utilizes multiple chains and detects the following:

1. variation between chains (i.e., the target of the original Gelman and Rubin diagnostic: variation that

is not homogeneous across chains),

2. an interaction between models and chains (i.e., between-model variation that differs from one chain to

another), and
3. significant differences in the frequencies of model visits from one chain to another.

Any one of these three conditions would indicate that the chains are not living in the same stationary

distribution, and hence that convergence has not occurred.

4.1 Forms of Variation Estimators

Suppose we have a RJIMCMC sampler which produces output of a parameter vector ©, with some k € ©
indexing “model” and @ C © a vector of parameters which retain the same meaning across models (k ¢ 8).
Let the output of 8 be represented as (0(1),0(2), . ) Suppose C' > 1 chains of this sampler are run for the
same number of sweeps. For simplicity of notation, we will consider output from one batch of size gb only,

ie.,

(6i*V,...0%™) .., (84D, 63™)



for some ¢ and base batch size b. We now represent this collection in a more convenient notation (as in

section 3), which we describe completely below.

Let

07"

cm

vector of parameters retaining same interpretation

across models
arbitrary scalar component of 6
number of chains
batch size (this many sweeps per chain)
number of distinct models visited by any chain
value of 8 for r*® occurrence of

model m in chain ¢
number of times model m occurred in chain ¢

c
> Rem
c=1

Rem

(10)

(11)

(12)

(13)

(14)

Our convergence diagnostic is based on the following estimates of variation: (note: the subscripts on the

left-hand side are parts of the names, and do not correspond to values of indices on the right-hand side):

(17)

(18)



~

Note that these quantities may be interpreted as total variation (V'), variation within chains (W), varia-
tion within models (Wy,), and variation within models and chains (W, W.). The first of two comparisons we
will use involves V and W, which are defined in the same way as Brooks and Giudici (2000), and correspond
(except for minor differences in multiplicative factors) to the original Gelman and Rubin diagnostic. The
second involves Wy, and W, W,, which are defined differently so as to correspond meaningfully to elements
of appropriate ANOVA models. We establish these correpondences, for both pairs of variation estimates, in

section 4.2.

4.2 Interpretation from an ANOVA Perspective

The output from the RIMCMC sampler can be considered as a collection of observations from a factorial
design, in which the factors are “chain” and/or “model.” An analysis of variance (ANOVA) can be used
to assess the significance of factors and interactions. The primary exception to the usual assumptions of
ANOVA approaches is that the samples are not independent. However, we shall see that certain quantities
constructed from ANOVA features are still useful in suggesting and interpreting our convergence diagnostics.

Consider the three ANOVA models defined in Tables 1 — 3.

ANOVA 1
O = 1o+ e+ ep,, gy
ii.d.

where: ac. ~'N(0,0%)

r ii.d.
ecm(l) ~ N(O’Ugr(ch))

Source df SS
chain Cc-1 Tzcczl (6.. — 9_.'.)2
error(chain)  C(T =1) ¥, Yol ey (0 — 02.)°
total cr—1 YO, M s Bemgr gy

Table 1: ANOVA 1: One-way ANOVA with factor chain (random),
balanced.

9

We represent model as a “fixed” factor and chain as “random,” which is certainly debatable. However,
basically the same conclusions are reached regardless of how the factors are treated (differing only in de-
scription of effects and minor coefficient changes). For example, if model were treated as random, effects

would be described in terms of o2

mo’

not the individual effects {3, }. If chain were treated as random, effects



ANOVA 2
O = 1+ B + €000
where: Z%zlﬁm =0
€z~ N (0,0 o)
O’ = T B
Source df S5
model M-1 SM R (@, -0)
error(model) CT — M) ECCZI Z%zl Ef:”f (6r,, — é.'m)2
total CT -1 ZCC:1 an\le Zf:mf (0Zm - 9_:~)2

Table 2: ANOVA 2: One-way ANOVA with factor model (fixed),

unbalanced.

would be described in terms of {a.} instead of o2,.

Winer (1971, pp. 212 and 403) establishes the expressions for degrees of freedom entries. All terms
which have the same notation in the three ANOVA’s (e.g., p, ¢, Bm,0%)) are equivalent. The error terms
(e’c"m(l), e’c"m@), el’;m@)) are labeled differently because they are in general not equivalent for the three models.

In comparing entries in the ANOVA’s with (15) — (18), it is clear that

V = MSy for ANOVA 1, (19)

We = MSep(en) for ANOVA 1, (20)
Wi = MSer(mo) for ANOVA 2, and (21)
WuWe = MSer(chxmo) for ANOVA 3, (22)

where “MS” denotes mean-square. We can of course not claim that an ANOVA model is a realistic description
of the output from parallel chains of a RIMCMC sampler, since the assumptions of independence and
normality in general do not hold. However, the effects of dependence are likely to be at least approximately
cancelled out since we are focusing on ratios of mean-squares. The convergence diagnostics of Gelman
and Rubin (1992); Brooks and Gelman (1998); and Brooks and Giudici (2000) all make this same implicit
assumption. Furthermore, we will not rely on approximate normality for inferences. Thus we will proceed by
considering the sampler output as occurring approximately according to an ANOVA model (not specifying

yet which one(s), but using Tables 1 — 3 as appropriate).

10



ANOVA 3
O = 1+ e+ B + (B)em + €0,,3
where: o N(0,0%)
Yo Bm =0
(aB)em s N(0,0%, xmo)
6Zm<3>‘ < N (0, Uer(chxmo))
‘00" = T Lomt O
Source df SS
chain c-1 Tzcczl (6.. — 9_.'.)2
model M-1 M R (0, -60.)°
chain xmodel C-1)M-1) X 5™ Rem (8., — 0. — 6, +6)
error(chainxmodel) (T — M) S Sy SR (80— i)
total T -1 ECCZI DD Py (60 — é_'_)2

Table 3: ANOVA 3: Two-way ANOVA with factors model (fixed), chain (random) and

chainxmodel interaction (random, unrestricted), balanced across chain only.

Derivations of expected mean-squares for the three ANOVA models (shown in section 9) reveal that the

expected values of (15) — (18) under ANOVA assumptions are given as follows:

. (C-1)T
EV = 0l + {ﬁ Ten
_ 2
EW. = Uer(ch)
EWn Ugr(ch Xmo) +
B ¢ M 2
(C—1)T 1 (CRem — Rn)’]
oM T CACT - M ;mz::l Rom Oan ¥
- ) c
_ 2
= MTZ{; >}ﬂ
- R2
C’T M C’T MZZ
R2
ﬁzz ) Uzhxmo
c=1m=1
EWnW, UZr(ch Xmo)

11



If the set of within-chain model frequencies is equivalent for all chains (i.e., Ry, =
(28) simplifies to

- 1T - 1T
EWy, = Ugr(chxmo) + [u] U(%,h + [u] ;

CT-M CT-M
For large T' (and any {R¢m}),

and

EWn =~ Ugr(ch Xmo) + [

C

B cC M 2
02(0; ) gmz::l (Cch;z_mR'm) Ton +
r 9 M C
mmz_{g CRcm—R~m>2} n
: e
v (e )+

9 cC M 2 ,
<C_§m2::l(CRcm Rm)R ) ch xmo

If additionally the set of within-chain model frequencies is equivalent for all chains (R.,, =

(32) — (35) simplifies to (for large T'):

c-1 c-1
EWn ~ Ugr(chxmo)+|: :| : +|: :| g

C Och C Ochxmo-

Notice that (26) and (2

frequencies across chains, R.,,, deviate more from the frequencies
chain model frequencies were equivalent for all chains.

The multiple of o3 in expression (28) can be characterized as follows. Let

chxmo

X=X +Xo+ X3

where
cT
Y= orom
Xy = —
2 CT - M~
C M
2 R2
X; = ﬁz (C’Rcm—R.m)R%:

c=1m=1

12

Ochxmo-

R'Tm Ve, m), then (25) —

(35)

R'Tm Ve, m), then

(36)

7), in the presence of chain and model effects, respectively, increase as the model

R'Tm that would occur if the set of within-



The ranges of Xs and X3 can be determined from consideration of two extreme cases,

R.
A. Rep = Tm Ye, and
R.,, fore=d,
B.  Rem = for some {c},...,ch},
0, for ¢ #£ ¢,
to be
-CT =T
— < X < ———
CT-M="?=CT-M
and

M
2(C —-1) 9
< Xg < ——= E
! ’ C m—lR.m

Also, X is strictly positive because (i) if case A holds, then X = %, and (ii) if case A does not hold,

then X3 is strictly positive. In general, X increases (although not necessarily monotonically) as the set of

within-cell model frequencies becomes less homogeneous across chains.

Thus we can conclude the following about the ratios % and E]‘E,VW"‘}V :
1. % > 1, with % = 1 indicating the absence of a chain effect. The greater If—v‘lﬁc’ the stronger

the chain effect, with each term in the numerator and denominator stabilizing as T — oo and thus

preserving the validity of the magnitude as T" — oo.

2. 2% > 1, with 2= = 1 indicating:

(a) the absence of a chain effect, and
(b) the absence of a chainxmodel interaction, and

(c) either (i) no model effect or (ii) equality of the set of within-chain model frequencies across chains,

or both.

EWm

The greater the violation of any combination of these three criteria (2a)—(2c), the larger -

becomes. The relative weights of the three criteria as T — oo (i.e., the sensitivity of the ratio to
violations of each of the three criteria) are not yet fully understood. We can at least reason by (36)
that when the set of within-chain model frequencies are somewhat homogeneous across chains (i.e.,
CRem & R.;; Ye,m), then the ratio has approximately equal sensitivity to (2a) and (2b), and so either
a significant chain effect or chainxmodel interaction should be detected.

v

These properties clearly suggest the design of a convergence diagnostic based on the two ratios - and

WV:'I‘}VC. We suggest the use of both ratios, because it may help to narrow down the cause of any violations

of convergence. In section 4.4, we show the exact form of the diagnostic technique we propose.
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Expressions analogous to (1) and (2), represented with the proper degrees of freedom terms in the
denominators, yield expected mean-squares that do not appear to be useful for comparison purposes. Further

research is needed to determine what a ratio based on analogues of (1) and (2) would actually detect.

4.3 Multivariate Version

Define the following multivariate versions of (15) — (18):

R 1 C M Rcm B ,
V) = 57— (Om —0.) (60 —6.) (37)
c=1 m=1 r=1
1 C M Rem ,
W) = Frop2 2 D (O —8.) (60, - 6.) (38)
c=1m=1r=1
1 C M Rcm ,
c=1m=1 r=1
1 2L _ :
Wch(o) = C(T — M) Z Z (OZm - ecm) (OZm - ecm) (40)

4.4 The Convergence Assessment Strategy

Define the following set of potential scale reduction factors, for a parameter vector @ = (61,...,8,)’, using

(15)~(18) and (37)—(40):

PSRF,(6;) = VI[Z((QH)) (41)
PSRFE(6;) = WV:”‘T% (42)
MPSRF(8) = maximum eigenvalue of [W,(8)] ' V(6) (43)
MPSRF,(#) = maximum eigenvalue of [WyWe(8)]™" Win(8). (44)
By Lemmas 1 and 2, we have that
MPSRF\(6) > max PSRF,(6;) and MPSRF,(8) > max PSRF(6). (45)

Our convergence assessment technique consists of the following steps:
RIJMCMC Convergence Assessment: Implement the following procedure as a convergence assessment

technique for RIMCMC applied to a model with parameters ©, using (15)—(18), (37)—(40) and (41)—(44):

1. Identify a parameter k& € © which is an indicator of “model” and select a parameter vector 8 =

(01,...,60p)" C O consisting of quantities which have the same interpretation across k (but with & ¢ ).

2. Simulate C' > 1 chains of equal length T via RJIMCMC, with over-dispersed starting values.

14



3. Choose a base batch size b (Brooks and Gelman (1998) recommend, for example, b ~ %)

4. Let the notation S(9(.) represent a statistic S computed for the ¢** batch

R () NN (L IO L)

For batches ¢ =1,..., %, do the following:

(a) Plot MPSRF,9(8) vs. ¢ and MPSRF,9(8) vs. ¢ (separately or together).
(b) Plot the maximum eigenvalues of V(%) (8) and W,? () together vs. g.
(¢) Plot the maximum eigenvalues of Wi, (9 (8) and Wi W, 9 (6) together vs. g.
(d) Optionally plot PSRF,?(8;) vs. ¢ and PSRF,(9(8;) vs. q.
(e) Optionally plot the numerator and denominator of PSRF; (9 (6;) together vs. .
(f) Optionally plot the numerator and denominator of PSRF,'? (6;) together vs. g.
5. Determine gy such that for ¢ > go the plots in Step 4a have settled close to 1, and the plots in Step 4b

have settled approximately to a common value, and the plots in Step 4c have settled approximately to

a common value.

6. Discard the first gob sweeps from each chain, and then pool the remaining ones together to use for

inference.

We prefer the maximum eigenvalue to the determinant for monitoring individual matrices, since it is on
the same scale as the univariate variance estimates and hence can conveniently be displayed in the same plot.
The method can be performed on more than one parameter vector 8. It may be useful to use a collection
of related sets of scalar parameters in order to target which sets are mixing faster than others. The purpose
of the M PSRF is to provide a safe (conservative) alternative to the monitoring of a large number of scalar
parameters individually. However, the individual scalar parameters can still be monitored (Steps 4d—4f),

providing more detailed information.

5 Example: Convergence Assessment for a Bivariate Normal Mix-
ture with Unknown Number of Components

We demonstrate the use of our proposed convergence assessment technique on a situation discussed in

Castelloe (1999) and Castelloe (1998). The research goal is to estimate the features of clusters in a Poisson

15



cluster processes, modeled as a bivariate normal mixture with common but arbitrary covariance. The number
and location of cluster centers and allocation information are unobserved. In the estimation of properties
of mixture components, proper adjustment for uncertainty about the number of components is difficult, but

an RIJIMCMC approach provides a solution.

5.1 Setup

Consider a Poisson cluster process on a region A € %2 with bivariate normal dispersion of offspring around
parents, where the only observed data is the offspring locations Y = [yi,...,y,]'- This process can be
represented as a bivariate normal mixture with k& components (i.e., clusters), equal mixing proportions,
and common covariance matrix. The component means (i.e., cluster centers) pu = [wy,..., ;] are dis-
tributed uniformly and independently on A. Component allocations (i.e., parent identifiers) are given by
Z=(z1,...,2,) PR Mult (1, %1) The displacements of offspring from parents, y1 — p, , ... ,y¥n — i,
are independently and identically distributed as N (0, X), conditional on being confined to A.

The primary goal is to estimate 3, which characterizes the common shape, orientation, and volume of

the (elliptical) clusters. The parameter ¥ can be represented vectorially as the variances and covariance of

the offspring displacement coordinates, o = (011, 022, 012)’. A normalized version is

N

(log 011, logoaz, z(p12))" where z(p12) = Fisher’s z-transformation of o5 (011022) "

An RJMCMC sampler can be constructed (see Castelloe (1999)) to simulate from the joint posterior distri-

bution of {k, u,X,Z}.

5.2 Choice of Parameters to Monitor

In MCMC convergence assessment it is recommended that, if feasible, all parameters are monitored, and if
not, then at least one representative parameter of each “type” is monitored. The output of our RIMCMC
sampler consists of k(®), E(t), p® . and Z® for each sweep t. Firstly, k and ¥ can be monitored easily,
as these parameters retain the same meaning from sweep to sweep. Label-switching complicates efforts to
monitor individual components of p and Z. However, we have devised an approach to monitor a combination
of i and Z which is identifiable. A certain number of offspring are “marked,” and the parent locations of

these offspring are tracked from sweep to sweep. We choose to monitor 3 offspring, chosen as:
1. an event near the center of a clearly defined cluster,

2. an event located between 2 clusters that are potential competitors for ownership of this event, and
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3. an isolated event that could potentially be the sole member of a cluster, or an outlier in another cluster.

The purpose of these particular choices is to attempt to monitor parent locations that are expected to
fluctuate across sweeps in different ways. This approach essentially boils down to monitoring Poj s P,
and P, (6 scalar parameters in all) for 3 chosen offspring ji, j» and j3. These quantities retain the same
meaning from sweep to sweep, and they represent instances of both parent locations and offspring allocations.
We emphasize that the choice of offspring to track can be made after the sampler is run, since we are only
using the usual sampler output.

To conserve space, results are reported in this paper only for £ and 3. Results for P > Pay, and P,

are similar, leading to the same conclusions.

5.3 Data Sets

We analyze two point patterns, one chosen for its resulting well-behaved convergence and the other for its
slow convergence. The first (referred to as the “redwood pattern” and shown in Figure 1) consists of Redwood
seedling locations as given in Strauss (1975). This pattern was deemed to produce favorable convergence
properties in Castelloe (1998). The second (referred to as the “hex pattern” and shown in Figure 2) is a
realization of a Poisson cluster process with bivariate normal dispersion, constructed to encourage competing
explanations of the clustering, and presumably poor convergence. The dispersion parameters for the hex
pattern are 01,2 = 0952 = 0.002 and 015 = 0. A sampler might “see” one large cluster, or nineteen small
circular clusters, or several elongated clusters making 0, 60, or 120-degree angles with the positive x-axis.
In Figures 1 and 2, the offspring whose parent locations are to be monitored in convergence assessment are

marked as “1”, “2” and “3.”

5.4 Trace Plots

Before we proceed to the application of our new technique, we present some trace plots for each of the two
data sets, showing the value of each scalar parameter chosen to monitor. It is not possible to ascertain
“convergence” from such plots, but they can be helpful in revealing any major problems.

Three chains are produced from an RJIMCMC sampler for each data set, each of length 20,000 (runs of
length 200, 000 where every 10*" sweep is saved).

Figure 3 shows trace plots of k, 011, 022 and 012 for the entire redwood chain #2, and Figure 4 shows the
same for the entire hex chain#2. These trace plots are useful for demonstrating the behavior of the sampler

for the full duration of sweeps.
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Figures 5 and 6 show “snapshots” of the cluster allocations for several values of k, for redwood chain #2
and hex chain #2. The sweeps used were the last ones with £ equal to the given value.

Figures 7 through 9 show trace plots for sweeps 1001-2000 (of the original 200,000) of all three redwood
chains. Figures 11 through 13 show the same for all three hex chains. These trace plots are useful for
demonstrating differences among the three chains for each data set. Figures 10 and 14 show histograms
of k for the same chain portions (sweeps 1001-2000). These histograms provide a more useful view of the

differences in the distribution of £ among chains.

5.5 Convergence Plots

Figures 15 and 16 show convergence plots for the redwood data and hex pattern, constructed according
to the technique in section 4.4 and based on the collection {logoi1,logoas,z(p12)}. Each chain has length
20, 000, resulting from a run of length 200,000 with every 10*" sweep saved.

Figure 17 shows the same displays for an additional set of three chains from an RJIMCMC sampler run
for 20,000 sweeps on the hex pattern, with every sweep saved. So, Figure 17 is essentially a replication of

Figure 16 zooming in on the first 10% of the sampler sweeps.

6 Discussion

A perusal of the trace plots and histograms for sweeps 1,000 — 2,000 (Figures 7— 14) is sufficient to strongly
doubt convergence in these eary sweeps for the hex pattern, and to moderately doubt convergence for the
redwood pattern. For the hex pattern, the trace plots for chains #1 and #2 have clearly not settled down,
and the histograms of k reveal that the chains visit models with markedly different frequencies. For the
redwood data, the trace plot for chain #2 has not settled down, and the chains differ in their frequency of
visiting the k¥ = 7 model.

Trace plots (Figures 3 and 4) and histograms for the full 200,000 sweeps, however, do not convey any
indication of lack of convergence for either sampler. More sophisticated diagnostics are needed.

The convergence plots for the redwood pattern (Figure 15) imply that convergence is likely to have
occurred by the 13" batch. The MPSREF’s stay below 1.03, and the PSRF’s stay below 1.02. Pairs of max
e.v.’s stay very close together throughout, although the pairs for logo;; and log oz do not settle down to a
common value until approximately the 13*" batch.

The convergence plots for the original hex pattern (Figure 16) cast serious doubt on convergence. MP-
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SRF’s for V vs. W, start out above 2 and surpass 1.2 as late as the 6' batch. PSRF’s for log 095 are just
below the MPSRF’s; thus, log ozs is the component of 3 most responsible for the poor convergence. Pairs of
max e.v.’s get closer together over time but stay fairly separated until the last couple batches. The members
of each pair never settle to a common value. For V vs. W, the primary convergence violation is separation,
and for W, vs. Wy,,WW,. the main violation is failure to settle to a common value. (Reminder: in the max e.v.
plots, a pair comparison always involves two lines with the same linetype; sometimes one of the members
of a pair gets close to the multivariate maximum and gives the misleading impression of values converging
together).

Plots for the additional hex pattern with all 20,000 sweeps saved (Figure 17) show even more dramatic

lack of convergence, especially with regard to the max e.v.’s of V vs. W, for log oas.

7 Conclusions and Future Directions

The convergence assessment, method outlined in section 4.4 offers a new approach for diagnosing convergence
in reversible jump MCMC, an important extension of standard MCMC requiring more complex diagnostics
due to the changing parameter space. We have demonstrated both its sensitivity and specificity in exam-
ples with two RJIMCMC samplers. The plots display relevant warning signals for a sampler intentionally
constructed to yield poor convergence, and they indicate well-behaved convergence for a sampler deemed to
possess favorable mixing properties. While this of course is not conclusive evidence of the new technique’s
effectiveness, it is nevertheless a promising demonstration, bolstered by solid theoretical motivation and
derivation.

Future research can hone in on the different types of “lack of convergence” such as variation between
chains, interaction between models and chains, and variation in model visit frequencies across chains, to
see how well the different components of the method detect them. In addition, the asymptotic behavior of
the diagnostics for well-behaved samplers can be investigated as the number of sweeps goes to infinity, to

determine whether the specificity is maintained.
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9 Appendix: Derivation of Expectations of Variation Estimates
Used in Convergence Assessment

First, we (trivially) have (24) by Winer (1971, p. 163) and (29) by Winer (1971, p. 325).

Proof of (23): Consider ANOVA 1 in Table 1. From Winer (1971, p. 165), we have that
EMSch = To-gh + O-zr(ch)
and so

EV - EMStOt

= ﬁ}gsstot

B CTl— 7 [SSen + SSer(en

= ﬁ [(C = 1)EMSen + C(T — 1)EMSer(ch))
= Oogen) + (g;%)lTafh O

Proof of (25): Consider ANOVA 2 and ANOVA 3 in Tables 2 — 3. The quantity SSe;(mo) in ANOVA 2 can

be re-written as follows:

¢ M
Sser(mo) = Z Z

Each term can then be simplified:

Rem

¢ M
Z Z (GZm - é.cm)2 = SSer(CIIXmO)7

c=1m=1r

I
-
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Rem M Rem C Rem C M Rem
O = D Oty 00 = DD Ot O = DD Ol and 0= > 0L,
r=1 m=1r=1 c=1r=1 c=1m=1 r=1
C M Rem
c=1 m:lorzl o
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a3 (0 -) [0 6, — Lo +lo:]
~ i c c

Therefore,

Sser(mo) = Sser(chxmo) + SSch + SSchxmo-
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Now we derive the expected mean-squares for chain and chainxmodel, using terminology from ANOVA

3 (Table 3). Several steps in the derivations use the following ANOVA assumptions (and not always with

explicit reference):

M

> Bm =0, Ba, =0, E(aB)em =0, Eel,, =0, and

m=1

all {a.},{(aB)em},{€l,,} are mutually independent. (46)

For simplicity of notation, let e, = egm(3)-

First, EMS.y:

EMSq, = C%E {TEC: 4. - 0:.)2}

(14 e + B + (@B)ewr + €l ) -

2

C M Rem ,
DI (,u+acr + Bt + (@B) et +e§,m,)}

M

c M
= mEZ > { <u +a. + % Z;Rcm/ﬂm/ + % > Remr (@B)em +

m'= m’'=1

1 c 1 X 1 &
( acr—|—ﬁ ZRm/ﬂm"“ﬁ Z ZRc’m’(aﬂ)c’m’ +

c'=1 m'= c'=1m'=1

C c=1m=1r=1 c'=1
1 X 1 Y
— 5" Rews B R B | +
(Tn; it = gy 3 mm>
1 M 1 C M
= Rems (aB)em' — = Rermr () er ,>+
<T rn/Z:l cCm cm CTCZ::l’rnZ::l c'm c’'m
| M BRem | LM Ren 2
£33 WIS 9 o el )
m'=1 r'=1 =1 m'=1r'=1
1 C M Rem L & 2
=0 W IR A I
c=1m=1r=1 c'=1
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(all sums of cross-products are 0, by (46))
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= A EY Y e
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10 Figures

Redwood pattern: offspring locations

Figure 1: Locations of Redwood seedlings, with tracked offspring marked.
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Hex pattern: offspring locations Hex pattern: parent locations
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Figure 2: Hex pattern
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Figure 3: Trace plots of k, 011, 022 and 015 for redwood chain #2 using all 200,000 sweeps.
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Figure 4: Trace plots of k, 011, 022 and o5 for hex chain #2 using all 200,000 sweeps.
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Figure 5: Sample cluster memberships, redwood data.
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Figure 6: Sample cluster memberships, hex pattern.
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Figure 7: Trace plots of k, 011, 022 and o015 for redwood chain #1 using sweeps 1,000-2,000.
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Figure 8: Trace plots of k, 011, 022 and 15 for redwood chain #2 using sweeps 1,000-2,000.
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Figure 9: Trace plots of k, 011, 022 and 15 for redwood chain #3 using sweeps 1,000-2,000.
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Figure 10: Histogram of k for each redwood chain using sweeps 1,000-2,000.
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Figure 11: Trace plots of k, 011, 022 and o2 for hex chain #1 using sweeps 1,000-2,000.
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Figure 12: Trace plots of k, 011, 022 and o2 for hex chain #2 using sweeps 1,000-2,000.

41



Trace plot of k Trace plot of sig11

= 8
g
<)
n
S S
o
o
N
o - S
o
b
2 4
© - =]
o
—
3
o
~ 4
[Te)
o
S |
o
©
T T T T T T T T T T T T
10 12 14 16 18 20 10 12 14 16 18 20
(sweep#)/1000 (sweep#)/1000
(every 10th sweep shown) (every 10th sweep shown)
(a) k (b) 011
Trace plot of sig22 Trace plot of sig12
n
N
S A _
S
N
o
o =
. <)
=]
o
S
wn
g g
N =
N - T
= =)
2] 2]
o _
—
2
S ©
o
8
S
n
o
s
3 _
o
=
3 4
T T T T T T Q T T T T T T
10 12 14 16 18 20 10 12 14 16 18 20
(sweep#)/1000 (sweep#)/1000
(every 10th sweep shown) (every 10th sweep shown)
(C) 0922 (d) g12

Figure 13: Trace plots of k, 011, 022 and o2 for hex chain #3 using sweeps 1,000-2,000.
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Figure 14: Histogram of k for each hex chain using sweeps 1,000-2,000.
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Figure 15: Potential scale reduction factor and maximum eigenvalue plots for (logoi1,logoss, z(p12)), red-

wood data.
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Figure 16: Potential scale reduction factor and maximum eigenvalue plots for (logoi1,logoas, 2(p12)), hex

pattern.
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Figure 17: Potential scale reduction factor and maximum eigenvalue plots for (logoy1,logoas, 2(p12)), addi-
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